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Probability Operator Measure and Phase
Measurement in a Deformed Hilbert Space

P. K. Dast
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Wediscussthe probability operator measure and phase measurement in adeformed
Hilbert space.

1. INTRODUCTION
We consider the set
Hq = {f: f(2 = = a,2" where Z[n]! |ay|? < o}

where[n] = (1 —g)(1 —q),0<g< 1
For f, g € Hq, f(2) = 25-0 a,2", and g(2) = 27~ b,Z" we define addi-
tion and scalar multiplication as follows:

t2) + o) = ,io (8 + b2 )
and
Nof(2) = io Aa,2" 2

It is easily seen that H, forms a vector space with respect to usual
pointwise scalar multiplication and pointwise addition by (1) and (2). We
observe that e,(2) = 27— (ZV/[n]!) belongs to H,.

Now we define the inner product of two functions f(2) = 2 a,z" and
9(2) = = by2" belonging to H, as
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(f,9) = X [nl! aby ©)
The corresponding norm is given by
IFIP = (f, £) = 2 [n! Jag* < =

With this norm derived from the inner product it can be shown that H,
is a complete normed space. Hence H, forms a Hilbert space.

In a recent paper [1] we have proved that the set { f, = 2V./[n]!, n =
0,1,2,3,...} formsacomplete orthonormal set. If we consider the following

actions on Hg:
Tfy = JIn] fos

T, = JIn + 1 fora

where T is the backward shift and its adjoint T* is the forward shift operator
on Hy, then we have shown [1] that the solution of the eigenvalue equation

Tf = of (5)

(4)

is given by

an

(n]!

fo = ey(|a[) nEO fa (6)
We call f, a coherent vector in H,.

The paper is divided into five sections. In this section we have given
an introduction stating coherent vectors in H. In Section 2 we describe the
probability operator measure (POM) in Hg. In Section 3 we discuss phase
distribution in Hg. In Section 4 we study the phase estimation problem, and
in Section 5 we give a conclusion.

4

2. PROBABILITY OPERATOR MEASURE

A discrete spectrum probability operator measure (POM) consists of a
set of Hermitian, positive-semidefinite operators{11,: n € N} which resolves
the identity

=2 I, (7)

neN

Measurement of this POM, by definition, gives a discrete, classica
random variable with probability distribution

P(n, g) = (g, I1,,0) for ne N (8

where g is any vector of unit norm in Hg.
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In order that the laws of classical probability be satisfied, it is necessary
and sufficient that

0=P(n g =1, nio P(n,g) =1 (9)

are satisfied for arbitrary g of unit normin H,.
We know that the sequencef, = Z'//[n]! forms a complete orthonormal
sequence in Hy and comprises eigenvectors of the operator N = T* T such that

Nf, = [n] f, (10)

Measurement of N for any arbitrary vector g € H, of unit norm yields
a discrete-valued classical random variable with probability distribution

P(f,,0) =|(f,,9*> for n=0,1,2,... (11)

In order that the law of classical probability be satisfied, it is necessary and
sufficient that

O0=P(fh,o)=1 > P(f,g =1 (12)
n=0
for arbitrary g € Hq of unit norm.
The completeness of { f,} guarantees that the prescription in equation

(11) obeys equation (12). For, if we expand the arbitrary vector g of unit
norm in terms of f,, we have

(fo, 9t (13)

o]
Il
Mg

0

>
Il

= 3 Xt
n=0

Where we define the operator

[faX(fal: Hq » Hq
by

[ faX(fal = (fa O)fi

Equation (12) is now easily verified from equation (11) and equation (13).
Thus, N operator measurement is equivaent to the POM

(T, = |[fXf:in=012 ..} (14)

Similarly, a continuous spectrum POM consists of a set of Hermitian,
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positive-semidefinite differential operators {dII(B): B € C} which resolve
the identity

| = f dTI(e) (15)
BeC

Theresult of measuring this POM is, by definition, acontinuous classical
random variable whose probability density function is given by

pe.g) = SEEPD qor pec (16

where g is any vector of unit norm in Hg.

We know that the backwardshift T has eigenvectors—the coherent vec-
tors f, (6). These vectors are not orthogonal, but they form a resolution of
the identity

1

=5 | du@ 100 a7

where

du(e) = eq|al?)ey(—|al[?)dyal? db
with o = rd®, which defines a T-POM

dIl(a) = |fa><fa|% for aeC (18)

The outcome of the T-POM is a complex-valued continuous classical
random variable with probability density function

(9, dIl(e)g) _ 1
() 2m I(f, @2 for aeC (19)

where g is any vector of unit norm in H,
Because of (17), it follows that

P, g) = 0, j d(o)p(a @) = 1 (20)
aeC

(e, 9) =

hold for any vector g of unit norm in Hy,

3. PHASE DISTRIBUTION

To obtain the phase distribution we consider first the phase operator
P= (q" + T T) ¥2T and try to find the solution of the following eigen-
value equation:
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Pfe = Bfg (21)

We arrive at
fB = ZO an/[n]! f,

0 2 3 n —
_ aorgo gn (9 + [OD(@” + [1])(9 [;]![2]) . (@ +[n—1]) £

where B = |B|€® is a complex number. These vectors are normalizable in a
strict sense only for |B] < 1.

For details of the calculations see ref. 2.

Now, if we take a, = 1 and |B| = 1 we have

_ o~ e /@ [0D)(* + [A)(®+[2])...(q"+ [n—1])
W3y o] &
Henceforth, we shall denote this vector as
_ o~ e /@ [0D)(0*+ [A)(P+[2]). .. (" + [n— 1))
SPUN o h &

0 = 6 = 2w, and call fy a phase vector in Hg.
The phase vectors f, are neither normalizable nor orthogonal. The com-
pleteness relation
2m |

dv(x, 6) = du(x) do (25)

may be proved as follows:
Here we consider the set X consisting of the pointsx = 0, 1, 2, ...,
and w(X) is the measure on X which equals

_ [n]!
= @+ [OD@ + ) - - (@ + [n — 1))

a the point X = n; 6 is the Lebesgue measure on the circle.
Define the operator

J " dvix, 0)]fo)(f (24)

0

where

|fe><fe|3 Hy —» Hqg (26)
by
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[ fo)(fol f = (fo, )Ty (27)

with f(2) = Z5- a,2"
Now,

(fo, )

i e ™ Ja+ [O@ + [ +12) ... (@ +In-1])
N [n]!
-2

e™J/@+ 0@+ [ +[2)...(a"+[n—1a,  (28)

Then
(fo, ) o
3 N mome [@F[OD)@+[1])...(@"+ [m—1])
2, 2, e \/ [’
X J(@+ [O])(c? + [1]) ... (@ + [n — 1) f, (29)
Using
Fﬂ do &m0 = 25, (30)
0
we have

1 2T
—H du(x, 0)] foy(Fo
21T % Jo

- J JCHP) anfm\/ (@ + [OD(@ + (1) ... (@ + [m — 1)

[m)!

2m

X J@+[OD@+[1]) ... + [n—1]) Ziwf am-mo g
0

: @+ [O)(@ + [1]) ... (@ + [n— 1))
- f, d
3 a J L u(¥)
Q@ IO+ ) .. @+ [n - 1])
- f,
2% i
[n]!
@)@+ ). @+ n— 1)
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Il
M s

OJWanfn

[
™ 3

(31)

Thus, (24) follows.
The phase distribution over the window 0 = 6 < 27 for any vector f
is then defined by

PO) = 5 (1, P @)

4. PHASE ESTIMATION

Once we have the POM information, we are ready to discuss the phase
estimation problem. Without loss of generality, we assumethat 0 < 6 < 2.
The class of POMs we must optimize over in order to find the best phase
estimate is taken to be

{dI1(6): 0 = 6 =< 2m}

where
dii@) = dfie))t and 1= J " o) (33)

0
The conditional probability density, given the phase operator
P=(q"+ T*T) YT
for obtaining a phase value 6 from this POM is

p(o, P) = (9. d11(6)g) for 0=60=2mw Xxaninteger (34)
dv(x, 6)
where g is a vector of unit norm in Hg.

We choose the POM dII(6) and the input vector g to optimize our
estimate of the phase shift P. For a given POM and the input vector, equation
(34) supplies the PDF needed to perform a classica maximal likelihood
estimation. The observed phase value 6 is our estimate of P. In order for this
estimate to be one of maximum likelihood, we restrict our attention to the
POM s satisfying

PuL(8) = arg max p(6, P) for 0=60=<27w (35)
0

and optimize our estimate over d I1 and g by maximizing the peak likelihood,
minimizing 86 = 1/p(6, P).
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For the input vector

o

= Z (fn’ g)fn

where

(., 9) = |(f., 9)|e", n=2012... (36)
86 is minimized by the following POM:

dv(x, 0
dri) = |fa g Lo (37)
where
dv(x, 6) = du(x) de, 0=6=2m

asin (25) and

= i in0+ikn
(@ + [OD(@® + (1)@ + [2) ... (@ + [n — 1)) . (39)
[n]! "

To calculate the reciprocal peak likelihood 86 with this optimum POM
to estimate P we observe first

fg: 2
o(6, P) — (g,dd(l)}(g;g) I( g)l

2

_ L[S g /@O 1) ... (" + [n — 1)
(39)
Hence a suitable peak likelihood 86 for maximum p(6, P) can be [4]
80 = 2|(f3, g)|
P N CEA R NN CIEA ) I “0)
n=0 [I’I]!

which is independent of the phases {k.}. In fact, p(6, P) is independent of
the phases {k}.

Asthe peak likelihood 86 isindependent of {k,} , we can assume, without
loss of generality, that the input vector g = 25_, (f,, g) f,, has positive real
coefficient (f,, g). Equation (38) then reduces to
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& g [@ 10D (@ + 0 1)
-3 e [ oo @

for 0 = 6 = 2, which is the solution of the eigenvalue equation (21),

Pfe = éefe
Now we consider the operator
U= EO e | fo)(fyl (42)
=
Observe that
UuU* = U*U = |

Thus, U is a unitary transformation.

Now, for an arbitrary input vector g the optimum POM from equation
(37) is equivadent to performing the unitary transformation U followed by
the POM

drie) = [t o) @3

where

dv(x, 0) = du(x) d6, 0=6=2m
asin (24) and (25), for

S gt @+ [0) (@ + [0 — 1)

Z kne kn\/ [n]| f

5 e @0 .. (@ + - 1)

§e\/ ! b

=f, (44)

where f§ is given by (38).
Shifting the input vector’s phase by the phase operator P amounts to

(fo, @) —» €™(fy, )  for n=0,1,2 ... (45)
By rotating out the input phases k, with the U transformation we get
the transformed input as
&M fy, g) = €™0|(fy, ) (46)
The effect of the POM on equation (43) on this transformed vector
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g = 3 e™i(fy, o)l , (47)
gives the classical phase with PDF
_ (g, dl(®)g)
PO P) =5 0)

_i ' '
= om (@, [foX(folg")

(gl
2w

© n — 2
S drto-o \/<q+ e
n=0 ’

From the above eguation it is clear that ML estimate obeys Py, (6) = 6.

Thus, the POM in equation (24) leads to the ML phase estimate for al
vectorsin Hg. Thus, to achieve our goa of jointly optimizing phase estimate
performance over both the measurement and the input vector, it remains for
us to minimize 86 from equation (40) by appropriate choice of input vector.
Specifically, the coefficients { (f,, g)} for the input vector must minimize the
right side of equation (40) subject to the normalization constraint

_ 1
2

2 I 9 = 1 (49)
and the average number constraint
2, [m1[(f, 9)FF = No (50)
n=

where Ny = (g, T*TQ).
Without loss of generality, we shall assume that (f,,, g) are positive real.
Now, maximize

o] 2 o]
L(Qi )\1! )\2) = i |:n§0 (fnv g):| + )\l|:nzo (fn! g)2_ 1:|

] 3, 00 0~ 1| &y

where \; and \, are Lagrange multipliers.
It is straightforward to show that
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C
K+ [n]

(f,, 9) = for n=0,1,2,... (52

achieves the required stationary point for L, where ¢ and k are positive
constants depending on the Lagrange multipliers. For brevity we shall chose
k=1

As we know that [n] = n for q > 0, we have

cd@+[n)) ¢
1n T Iln+1

Hence we see that

jim S0

n- oo

Thus, the series 2o [¢/(1 + [n])] and =7-, (1/n) converge or diverge
together. But 25—, (1/n) diverges. Hence, we must introduce a truncation
parameter in equation (52). That is, we have

C
(fn- g) = 1 + [n]

=0 for n>s (53)

for- n=0,1,2,...,s

Now, we have

No = g,o [l - [(fa, 9())[?

: ¢
20 (1 + [n)?

2‘ 1+ [n] 4

where we have used equations (50), (51), and (53) with the truncation point s.
Then,

s 2 n _ -2
66:&{;?/m+ﬂmm-+w%?mq+[n m(mgﬂ

=%ﬂ§ (@ + [0+ [1) .. (@ +[n—1) é]z

n=0 [n]l 1+ [n]
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(55)

-2

S c? 2mc? A 2mc? A

< = ~
Z“CZALEO 1+ [n]] No + 12 N3

for Np > 1. Here A is a constant.

5. CONCLUSION

We know [3] that ML phase estimation with the optimized state leads
to 80 ~ 1/N3 for the reciprocal peak likelihood performance, where we are
interested in the behavior at high average photon number, namely Ny > 1.
In this paper we show that in the deformed case 86 can be even less than
1/N3.
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